Conventional wisdom indicates that the presence of an alternating driving force will not change the longterm behavior of a Brownian particle moving in a random potential. Although this is true in one dimension, here we offer direct evidence that the inevitable local symmetry breaking present in a two-dimensional random potential leads to the emergence of a local ratchet effect that generates large-scale vorticity patterns consisting of steady-state net diffusive currents. For small fields the spatial correlation function of the current follows a logarithmic distance dependence, while for large external fields both the vorticity and the correlations gradually disappear. We uncover the scaling laws characterizing this unique pattern formation process, and discuss their potential relevance to real systems. DOI: 10.1103/PhysRevE.71.026112 PACS number͑s͒: 64.60.Ht, 79.20.Rf, 68.35.Rh Driven diffusion in random media is a much studied problem impacting a number of research areas, ranging from relaxation phenomena in spin glasses ͓1͔, to dislocation motion in disordered crystals ͓2͔, transport in porous media ͓3͔, and turbulent diffusion ͓4͔. These and related studies have offered convincing evidence that the interplay between the annealed randomness of the diffusion process and the quenched randomness of the media gives rise to unexpected scaling phenomena ͓5͔. If the external driving force has a symmetric and time-periodic form, the motion of a particle is the result of the combined effect of thermally activated diffusion and a periodic component, induced by the coupling to the applied field. At time scales much larger than the period of the driving force one expects the influence of the alternating field to be negligible, the dynamics of the system being described by the classical Brownian motion. Indeed, while the particle moves back and forth along the direction of the alternating field, a stroboscopic view of the system, obtained by taking pictures only at times that are integer multiples of the external field period, is expected to show a randomly diffusing particle, as if the periodic external field was absent. In contrast to this intuitive picture, we offer convincing evidence that in the presence of quenched randomness an external alternating field can fundamentally change the nature of the diffusive dynamics.
Driven diffusion in random media is a much studied problem impacting a number of research areas, ranging from relaxation phenomena in spin glasses ͓1͔, to dislocation motion in disordered crystals ͓2͔, transport in porous media ͓3͔, and turbulent diffusion ͓4͔. These and related studies have offered convincing evidence that the interplay between the annealed randomness of the diffusion process and the quenched randomness of the media gives rise to unexpected scaling phenomena ͓5͔. If the external driving force has a symmetric and time-periodic form, the motion of a particle is the result of the combined effect of thermally activated diffusion and a periodic component, induced by the coupling to the applied field. At time scales much larger than the period of the driving force one expects the influence of the alternating field to be negligible, the dynamics of the system being described by the classical Brownian motion. Indeed, while the particle moves back and forth along the direction of the alternating field, a stroboscopic view of the system, obtained by taking pictures only at times that are integer multiples of the external field period, is expected to show a randomly diffusing particle, as if the periodic external field was absent. In contrast to this intuitive picture, we offer convincing evidence that in the presence of quenched randomness an external alternating field can fundamentally change the nature of the diffusive dynamics.
Indications that an alternating bias may influence the nature of diffusive motion in a random potential comes from the recent advances in thermal ratchets ͓6͔ and driven chemical reactions ͓7͔. In equilibrium, a particle moving in a onedimensional ͑1D͒ periodic asymmetric potential for which the x → −x symmetry is broken displays a simple diffusive behavior. However, if the particle is also driven by an alternating field, it drifts in the direction defined by the asymmetry of the potential ͓7͔. The emergence of this nonequilibrium steady-state net current is called the ratchet effect, and the average drift velocity of the particle is the ratchet velocity. The ratchet velocity is expected to vanish, however, when the particle moves in a random potential, since a random potential obeys inversion symmetry ͑in a statistical sense͒. Indeed, if identical energy wells are separated by sufficiently high energy barriers, the ratchet velocity is exactly zero, irrespective of the barrier height distribution ͓8͔.
On the other hand, in two-dimensional ͑2D͒ systems any finite region of a random potential exhibits some degree of broken symmetry, forcing the particle to follow different trajectories during the two half periods of the alternating driving force. In this paper we show that the interplay between this local symmetry breaking in a random 2D potential landscape and the alternating drive leads to the unexpected appearance of a highly correlated steady-state net current field, characterized by a large-scale vorticity.
We investigate the driven dynamics of a single particle moving in a random uncorrelated potential on a 2D square Euclidean lattice with N = L ϫ L sites, where each site is connected to its nearest neighbors by bonds of unit length. Random potential barriers are assigned to each bond and periodic boundary conditions are assumed. A schematic illustration of the system's geometry is shown in Fig. 1 . The diffusing particle is also driven by an external alternating field, applied along the x-direction. We define the local probability currents J i,j x ͓J i,j y ͔ on site ͑i , j͒ as the currents flowing across the potential barriers between the lattice sites ͑i , j͒ and ͑i +1, j͒ ͓͑i , j +1͔͒. As shown in Fig. 1 , a particle located at site ͑i , j͒ at moment t can hop to any of the four nearest-neighbor lattice sites by overcoming the potential barriers, E i,j ␥ , assigned to each bond. To simplify the notations we denote by E i,j r , E i,j l , E i,j u , and E i,j d the local potential barriers associated with the right
. The barrier heights are chosen to be random and quenched, given by E i,j tributed between 0 and 1. Throughout the paper we measure the energies in units of k B T, where k B stands for the Boltzmann constant and T is the absolute temperature. In addition to the thermally activated diffusion, the particle is also driven by an external alternating force, 2͑t͒, applied along the x direction ͑see Fig. 1͒ . Since the energy barriers are placed halfway between adjacent sites, the alternating force modulates their height by −͑t͒ in the positive x direction and by +͑t͒ in the negative one. Thus, for large enough barriers the hopping rates of a particle occupying site ͑i , j͒ are given by
where = 0 exp͕−E 0 ͖ and the attempt frequency 0 is also a constant.
Next we turn to an ensemble description, in which the probability of the particle occupying site ͑i , j͒ is denoted by P i,j , and the time evolution of this probability distribution is described by the set of master equations
where
are the x and y components of the local probability currents J ជ i,j , as defined above.
For simplicity, we restrict ourselves to symmetric squarewave external fields, i.e., when the field ͑t͒ alternates between +F and −F at constant time intervals F . We also assume that F is much larger than the relaxation time of the entire system, estimated as relax Ϸ L 2 max͑1/k i,j ␥ ͒. In this case, for the first half period of the alternating driving force the probability distribution P i,j and currents J ជ i,j relax to their steady-state values P i,j ͑+F͒ and J ជ i,j ͑+F͒, while for the second half they relax to P i,j ͑−F͒ and J ជ i,j ͑−F͒. The magnitude of these currents can be determined from the stationary solution of the master equations for ͑t͒ = +F and ͑t͒ =−F, respectively. From direct analogy with the ratchet velocities, we can then define the net currents as
The appearance of nonzero net currents is a property of systems with locally broken symmetry, their magnitude being given by the second-and higher-order terms in the response function ͓9͔. We solved Eqs. ͑1͒-͑3͒ numerically using the conjugate gradient method, modified for sparse matrices ͓10͔. In Figs. 2͑a͒-2͑d͒ we show the steady-state local net current patterns obtained for a system with linear size L = 50, randomness parameter U = 0.5, and external field amplitudes F = 0.01, 0.05, 0.1, and 0.9. In the absence of collective effects we would expect no net current in the system, or at best, smallscale random currents, reflecting the local symmetry breaking. In contrast, Fig. 2 indicates the emergence of highly nontrivial spatially extended steady-state net current fields, characterized by long-range correlations and large-scale vorticity. The large-scale vorticity is most apparent for small external fields ͓F Ӷ U, Fig. 2͑a͔͒ . As F increases the correlations gradually disappear and the net current field converges to a nearly random structure ͓Fig. 2͑d͔͒ ͓9͔.
To quantify the scaling properties of the system, we compute the ensemble-averaged real-space current-current correlation function defined as
Here summation over all lattice sites ͑i , j͒ is implied, while summation over ͑iЈ , jЈ͒ indexes is performed only for lattice site pairs such that ͉r i,j − r i Ј ,j Ј ͉ = r, N r being the number of such pairs. The average ͗¯͘ was taken for various different realizations of the disorder ͕ i,j ␥ ͖. The correlation function defined this way is bounded from below by 0 ͑perfect correlation͒, from above by 4 ͑perfect anticorrelation͒, and takes the value of 2 for vanishing correlation.
In Fig. 3 we show the normalized correlation function, C͑r͒ / C͑1͒, computed for different system sizes and fixed external field amplitude, F = 0.01. We find that the correlation function follows closely a logarithmic dependence on r for small radial distances, and saturates at a value that depends on the system size, L. This allows us to introduce the corre-FIG. 1. Schematic diagram illustrating the parameters of the studied two-dimensional driven diffusion problem. A particle on the site ͑i , j͒ hops to its neighboring sites with hopping rates k i,j ␥ , defined by both the potential barriers between these sites and by the alternating field. The time-dependent behavior of the external field is shown on the top left.
lation length , defined as a characteristic length at which the correlation vanishes: C͑r͒ = 2, that is, where 1 − 0.5C͑r͒
On the basis of the above observations, we conclude that the current-current correlation function follows the scaling relation
where f͑x ഛ 1͒ϳconst. Note that the correlation length in Eq. ͑6͒ depends both on the amplitude of the external field and on the system size; i.e., = ͑F , L͒. Moreover, we find that the correlation length, , scales with both of these quantities following power laws. That is, for small external field amplitudes, the correlation length depends on the system size as ͑L͒ϳL ␣ , where ␣ Ӎ 0.98± 0.02 ͑i.e., grows approximately linearly with L͒. On the other hand, for intermediate external field amplitudes, is found to be weakly dependent on L and to monotonically decrease with F, following an inverse power law, ϳ F −␤ , where ␤ Ӎ 0.78± 0.02. The transition between the two regimes occurs at the L-dependent field amplitude F 1 c ͑L͒. These scaling laws suggest the scaling relation
c ͑L͒. The significance of F 2 c ͑L͒ will be discussed later. In Fig. 4 we show the data collapse, performed according to Eq. ͑7͒. As one can observe, the collapse is excellent for small and intermediate FL ␣/␤ values, systematic deviations being observed only in the large saturated regime. In general, three scaling regimes can be distinguished. For small F ͓i.e., F ഛ F 1 c ͑L͔͒ the behavior of is determined by the system size dependent scaling. In the second regime, corresponding to the intermediate values F 1 c ͑L͒ ഛ F ഛ F 2 c ͑L͒, scaling is dominated by the external field amplitude. Deviations from the scaling behavior predicted by Eq. ͑7͒ are observed only for large F ͓i.e., for F ജ F 2 c ͑L͔͒. This behavior is an artifact of the model's discrete nature since, as the particles are on a lattice, we cannot measure smaller than 1. As a result, in the large F limit the correlation length does not follow Eq. ͑7͒ down to arbitrary small distances, but rather saturates at Ӎ 1.
In summary, we studied the diffusive motion of a single particle under the influence of an alternating field on 2D Euclidean lattices with quenched random potential. In contrast with the intuitive picture, that would indicate no systematic difference between an alternating driven diffusion and random diffusion at time scales larger than the period of the alternating field, we offer evidence that the interplay between the quenched randomness of the potential landscape and the external alternating bias leads to the emergence of large-scale vorticity patterns in the net steady-state currents. These patterns represent a unique form of self-organized pattern formation. The emerging stationary currents are found to be strongly correlated, with the two-point correlation function following a logarithmic distance dependence. The current fields are largely independent of the particular realization of the disorder. The observed correlation length scales linearly with the system size and displays an inverse powerlaw dependence on the external field amplitude.
An intuitive explanation for the observed phenomenon is based on the particle's ability to "choose" globally different paths when driven by the alternating field in two opposing directions. The superposition of these globally different flow fields results in large-scale flow patterns and vorticity. This picture is consistent with a slow ͑logarithmic͒ decay of the correlations and the finding that the correlation length is of the order of the system size. Note that this phenomenon cannot occur in one dimension, where all the energy barriers are in series, thus alternative trajectories are not possible. Yet, it will likely emerge in three dimensions as well.
These results could find application in a number of areas. Driven diffusion in the presence of randomness is present in a number of systems, ranging from the diffusion of vortices in thin disordered superconductors ͓11͔ to electron diffusion in disordered conductors or the diffusion of colloidal particles in colloidal suspensions ͓12͔. Each of these systems can be driven by external alternating fields, potentially reproducing the conditions discussed in the present paper. Therefore, with rapidly developing visualization techniques and high sensitivity instrumentation the predicted spatial organizing patterns could be observed experimentally as well.
